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Motivation
Suppose you are given a (1 + 1)D bosonic theory Tp with Zy symmetry,
What would you do?
— Topological manipulations such as
o Gauging,
o Fermionizing,

o Stacking.

— Duality web [Karch et al. 1902.05550]:

Fer: fermionization

TB < > TF
Fer~!: bosonization
gauging Zs stacking Arf
Fer: fermionization
Tp/7, < > Tr @ Arf

Fer™!: bosonization
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Motivation

In general, it is understood that

QFT with reflection/time-reversal symmetry
= QFT on non-orientable manifolds

— Can we construct a non-orientable duality web?
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Motivation

In general, it is understood that

QFT with reflection/time-reversal symmetry
= QFT on non-orientable manifolds

— Can we construct a non-orientable duality web?
— Yes! [Spieler 2504.20021]
— We study more about this duality web from several aspects:

o Symmetry TFT (SymTFT)
o Sectors of Hilbert space

o Group structure of topological manipulations
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Zo symmetry and its gauging

When a theory has a symmetry G, it can be coupled to the background
gauge field A. Let us consider continuous Lie group G:
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Zo symmetry and its gauging

When a theory has a symmetry G, it can be coupled to the background
gauge field A. Let us consider continuous Lie group G:

o T'g: a theory coupled to the gauge field A.
At the level of partition function, we have Zr,[A] := [ D¢ e*5149]

o Gauging the symmetry of T < Make A dynamical!
— Zryjc = [ DAZ[A]
where [ DA = Integration over the configuration space of A

These are familiar concepts in QFT — What changes when G = Z5?
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Therefore, Zo gauging is given as

ZZTB/ZZ =

| H'(%; Zo)|'/?

j{: ZZTB[G]

EHl ZZQ)
e.g. For ¥ = T2 with HY(T?;Z5) = {0,z,y,x + y}, we obtain
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Zo symmetry and its gauging

We can consider refined version of gauging so that resulting theory Tz /Zs
has dual Zs symmetry:

L b
Zorerall = i e 2 (D 20l
! beH(2;Z2)

Here, a € H'(X;Zs) is a background field of dual Zy symmetry
and cup product U is a discrete version of wedge product A.

Remark:

(OP)? =1, i.e. gauging twice takes you back to the original theory.
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Zo-quadratic refinement, Arf invariant, and spin structures

Fermionic theory depends on spin structures of the spacetime.

e.g. We have four choices of spin structures on torus 7°2;

(z,y) = (NS,NS), (NS, R), (R,NS), (R,R).

Remark: Orientable genus g surface X, admits 229 spin structures.
— We have good control over spin structures:
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Zo-quadratic refinement, Arf invariant, and spin structures

Fermionic theory depends on spin structures of the spacetime.
e.g. We have four choices of spin structures on torus 7°2;

(z,y) = (NS,NS), (NS, R), (R,NS), (R, R).

Remark: Orientable genus g surface X, admits 229 spin structures.

— We have good control over spin structures:

Fact:
{Spin structure n on ¥} & {gy : HY(Z;Z2) — Zy sit. -}

qn is a Z3 valued function called a quadratic refinement.
e.g. Four choices of quadratic refinement on 7°%;

(NS,NS) : ¢y(0) = 0, gy(x) =0, an(y) = 0, an(z +y) = 1,
(NS,R) : ¢,(0) =0, gy(2) =0, ¢5(y) =1, g(z +y) =0,
(R,NS) : q,(0) =0, qrz(x) =1, CIn(y> =0, %(m +y) =0,

(R,R) 1 ¢;(0) =0, g4(x) =1, qy(y) = 1, gy(x +y) =
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Zo-quadratic refinement, Arf invariant, and spin structures

Fact:
Spin structures are classified into two classes.

How do we classify these spin structures on 727

(NS, NS) : ¢,,(0) = 0, gy(x) =0, q”](y> 0, gp(z +y) =1,
(NS,R) = qy(0) = 0, gn(x) = 0, qy(y) = 1, gy(z +y) = 0,
(R,NS) : ¢;,(0) =0, gy(x) =1, ¢5(y) =0, gy(z +y) =0,

(R,R) 1 an(0) =0, qn(z) =1, an(y) =1, gy(x +y) =
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Zo-quadratic refinement, Arf invariant, and spin structures

Fact:
Spin structures are classified into two classes.

How do we classify these spin structures on 727

(NS,NS) : g,(0) =0, g;(z) =0, qT]( ) =0, qy(z+y) =
(NS, R) : ¢4(0) = 0, gn(x) = 0, ¢5(y) = 1, gn(x +y) =0,
(R,NS) : g,(0) = 0, gy(z )— Loay(y) =0, gy(z +y) =0,

(R,R): ¢4(0) = 0, gn(x) = 1, g4(y) = 1, qy(x +y) =

Natural classification is {(NS, NS), (NS, R), (R,NS)} and {(R,R)}.

Remark:
This classification is closed under PSL(2,Z) i.e., 7 — —1/7, T — 7+1.

Is there any way to classify them in general? — Arf invariant
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Zo-quadratic refinement, Arf invariant, and spin structures

Arf invariant

. 1 .
Zart[n)] = exp (miArf(n)) = (5.2, Z exp (migy(a))
1442 a€H (3;Z2)

e.g. Four choices of spin structures on T2;

Za[(NS,NS)] = I+1+1-1)=1

1
41/2(

Za[(NS,R)] = (1+1-141)=1

41/2

Zar[(R,NS)] = (1-1+14+1)=1

41/2

ZArf[(RvR)] 41/2(1 1-1- 1) -1

— Arf invariant classifies {(NS, NS), (NS, R), (R,NS)} and {(R,R)}.
Physically Arf invariant is a partition function of the Kitaev chain.
Mathematically Arf invariant gives a homomorphism Q5P (pt) =5 Zj.

8/32



Contents

o Duality web on orientable surfaces
o Zo symmetry and its gauging
o Zo-quadratic refinement, Arf invariant, and spin structures
o Fermionization and Bosonization
o What changes on non-orientable surfaces
o Duality web on non-orientable surfaces

o SymTFT
o Sectors of Hilbert space
o Group structure of topological manipulations

8/32



Fermionization and Bosonization

How do we construct a fermionic theory, i.e. a theory which depends on a
spin structure 7.
What we have now are

o Bosonic theory with Zy symmetry Zr, [a] where a € H'(%;Zs)

o Quadratic refinement g, : H'(3;Zs) — Zs which has a one-to-one
correspondence with a spin structure n
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Fermionization and Bosonization

How do we construct a fermionic theory, i.e. a theory which depends on a
spin structure 7.

What we have now are
o Bosonic theory with Zy symmetry Zr, [a] where a € H'(%;Zs)

o Quadratic refinement g, : H'(3;Zs) — Zs which has a one-to-one
correspondence with a spin structure n

— Fermonization Fer : {bosonic theory} — {fermionic theory} is given as

1 .
ZFer(Tg) [n] = W Z exp(migy(a)) Zry|al
’ a€H(Z;Z2)

— Bosonization Fer™! : {fermionic theory} — {bosonic theory} is given as

1 .
ZFerl(TF) [a] := W Z exp(migy(a)) Zry 1]
’ nESpin(X)
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Fermionization and Bosonization

What corresponds to gauging OF in fermionic theories?
i.e. OF := Fer o OB o Fer™! : {fermionic theory} — {fermionic theory}
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Fermionization and Bosonization

What corresponds to gauging OF in fermionic theories?
i.e. OF :=Fero OB o Fer~!

: {fermionic theory} — {fermionic theory}
One can check that

ZFeroOBoFer_l(TF)[n] = ZAI“f[T’]ZTF [T]]

Fer: fermionization

u?

> Tr
. bosonization

gauging Zs stacking Arf

Fer: fermionization

TF @ AIf
Fer™!: bosonization
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Fermionization and Bosonization

What corresponds to gauging OF in fermionic theories?

i.e. OF := Fer o OB o Fer™! : {fermionic theory} — {fermionic theory}
One can check that

ZFeroOBoFer_l(TF)[n] = ZAI“f[T’]ZTF [T]]

Fer: fermionization

Tp <€ > T
Fer!: bosonization
gauging Zs stacking Arf
Fer: fermionization
OB(TB) < > Tr @ Arf

Fer™!: bosonization

Remark: Za.¢[n] € Zo < (0P)?2 =1
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What changes on non-orientable surfaces

In (d+ 1)D theories, what does it mean that spacetime is non-orientable?
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What changes on non-orientable surfaces

In (d + 1)D theories, what does it mean that spacetime is non-orientable?

— Existence of the orientation reversing defect P € Hd(]\/ide; Zs3).
Using Poincaré duality, we can

define [Thorngren 1404.4385]

P
wy :=PD(P) € H' (M, Zy).
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— Existence of the orientation reversing defect P € Hy(M9'; Zy).
Using Poincaré duality, we can
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What changes on non-orientable surfaces

In (d+ 1)D theories, what does it mean that spacetime is non-orientable?

— Existence of the orientation reversing defect P € Hy(M9'; Zy).
Using Poincaré duality, we can

define [Thorngren 1404.4385]

P
wy :=PD(P) € H' (M, Zy).

Recall: k >
In (3 + 1)D Maxwell theory, we have

F
/ Lex
» 2T N
If [ £ # 0, we cannot define U(1) gauge field globally.
— ¢1:= £ € H?(M3*1;Z) is the obstruction to the exsitence of the

globally-defined gauge field, i.e. to the triviality of the bundle.

Remark: w; is the obstruction to orientability.
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What changes on non-orientable surfaces

In the presence of nontrivial wy, a fermionic theory depends on
Pin structure, i.e., non-orientable analogue of a spin structure.

Recall:
On an orientable surface, we take R(d) € SO(2), and let R(6) € Spin(2)

be its lift. Then
R(2r)=1,  R(2n)=(-1)F.

Thus

R(2m)y =

~ i if 1 is bosonic,
—1p if ¥ is fermionic.
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What changes on non-orientable surfaces?
On a non-orientable surface, reflections P € O(2) are allowed P? = 1.
However a lift P can satisfy either

P?=1or P?=(-1)F.

These two possibilities define the two double covers Pin™ and Pin™.
In this talk we use Pin™, so the lifted reflection satisfies

P2 = (-1

Equivalently,
132”¢ _ P if ¢ is bosonic,
—1 if ¢ is fermionic.

Hereafter, we write P € Pin~(2) simply as P.
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What changes on non-orientable surfaces

Fact:
o {Pin~ structure n on X} RN {gy : HY(Z;Z2) = Zy sit. -}
o Pin~ structures are classified into eight classes.

o ABK invariant valued in Zg classifies them.
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o Pin~ structures are classified into eight classes.

o ABK invariant valued in Zg classifies them.
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What changes on non-orientable surfaces

Fact:
o {Pin~ structure n on X} RN {gy : HY(Z;Z2) = Zy sit. -}
o Pin~ structures are classified into eight classes.

o ABK invariant valued in Zg classifies them.

— Any other change?
— Stacking with SPT phases! (—1)Javw1 (—1)[wiwr,
@ SPT (Symmetry-Protected Topological) phase: a TQFT whose Hilbert space on
any closed spatial manifold is one-dimensional.

@ Stacking: At the level of partition functions, stacking corresponds to multiplication.

— We can define operations S, SP as follows:
Zsperylal : = (~1) “" 21, [a]
Zspaglal - = (=110 Zry [a]
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What changes on non-orientable surfaces

orientable non-orientable
w1 trivial nontrivial
str Spin Pin™
quad ref qy: HY (S Z2) — Zo qy: HY (S Z2) — Zy
Inv Arf(n) o< 32, ™) ¢ 7, ABK(n) >, e (@) ¢ 7,
Fer ZFer(Tg) X D g e™1(9) Zp [a] ZBer(T) X Da e%qﬂ(a)ZTB [a]
SPT trivial (=1)J adwr (1) [ wiw

Table: Summary of orientable vs non-orientable
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SymTFT

Recall:

o Fourier transform of a wave function in Quantum Mechanics

FW)p) =) = = / dz P z).

o Gauging Zs in our set-up

1
Zovtrle) = {grics gy 20 21 L
! b
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SymTFT

Recall:

o Fourier transform of a wave function in Quantum Mechanics

F()(p) :==(p) duﬂplw x).

“ v/

o Gauging Zs in our set-up

1 [ aUb
ZOB(TB)[ ] |H1(Z Z2 |1/22 Zr, [b]
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SymTFT

Recall:

o Fourier transform of a wave function in Quantum Mechanics

FW)®) = 00) = 7= [ dre75(0)
o Gauging Zs in our set-up
1
Zos 1y la] = —Z ) Z, B,

|HY(X; Zs) |1/2

Observation:
Gauging can be interpreted as a discrete Fourier transform.
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SymTFT

Recall:

o Fourier transform of a wave function in Quantum Mechanics

F()(p) = ¢(p

dze”PTp(x).

-7/

o Gauging Zs in our set-up

1 [ aUb
ZOB(TB)[ ] |H1(Z Z2 |1/QZ Zr, {b]

Observation:
Gauging can be interpreted as a discrete Fourier transform.

Remark:

F is a Zy operation F o F(1)(z) = ¥(—x) = 1(x) for even functions.

— Compatible with (O5)? = 1.
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SymTFT

Recall:
We can interpret the Fourier transform as a change of basis:

F)p) = (1) = o] [ doleali) = <= [ dre= i

where (p|z) = \/%e_ipx.
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SymTFT

Recall:
We can interpret the Fourier transform as a change of basis:

F@)(e) = 1) = (o [ dala)ol) = —= [ dwe 00

where (p|z) = \/%e_ipx. — How about gauging?
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SymTFT

Recall:
We can interpret the Fourier transform as a change of basis:

F)p) = (1) = o] [ doleali) = <= [ dre= i

where (p|z) = \/%e_ipx. — How about gauging?

Fact:

Gauging can be expressed as
1
Zos(ryylal = (m,a|Tp) = (W@W > le,b) (e, b|Ts)
b b

S Y
b

T HL(S; Zy)[ 12

where {|e,a)} and {|m, a)} are boundary conditions in (2+1)D TQFT,
i.e. gauging in (1 4+ 1) D can be described by (2+ 1)D TQFT.
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t=1 t=0
— shrink
(e, al ) Zrpal
expand

Figure: |Ts)/|e, a) correspond to a physical/gapped boundary respectively, where
the spacetime is given as X x [0, 1].
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SymTFT

SymTFT is a framework to understand symmetries in (d+ 1)D theories
in terms of (d +2)D TQFTs.

t=1 t=0
— shrink
(e,a |TB) Zrgal
********** expand

Figure: |Ts)/|e, a) correspond to a physical/gapped boundary respectively, where
the spacetime is given as X x [0, 1].

Fact:
SymTFT for Zy symmetry is a Toric code (i.e. Zy gauge theory).
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SymTFT
Toric code has line operators {1, E(a), M (a), F(a) := E(a)M(a)} s.t.

E(a)E(b) = E(a+1b), M(a)M(b) = M(a+Db).
E(a)M(b) = (1)) “* M(B)E(a), a,bec H'(3;Z).
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E(a)E(b) = E(a+1b), M(a)M(b) = M(a+Db).
E(a)M(b) = (1)) “* M(B)E(a), a,bec H'(3;Z).

— Define the gapped boundary condition |e, 0) by condensing E(a):
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SymTFT
Toric code has line operators {1, E(a), M (a), F(a) := E(a)M(a)} s.t.

E(a)E(b) = E(a+1b), M(a)M(b) = M(a+Db).
E(a)M(b) = (1)) “* M(B)E(a), a,bec H'(3;Z).

— Define the gapped boundary condition |e, 0) by condensing E(a):
E(a)le,0) = |e,0) forall a € H(X;Zs)
Then one can check that |e, b) := M (b)le, 0) is an eigenvector of E(a):
E(a)M(b)le,0) = (=1)/ “PM(b) E(a)le,0) = (1)) *M B)]e, 0)
—The Hilbert space on X assigned by (2 + 1)D TQFT is given as
H(Z) = spanc{le,a) | a € H(;Z5)}
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SymTFT

We can define another boundary condition by condensing M (a):
M (a)|m,0) = |m,0) forall a € H'(%;7Z5)
Then we obtain another basis:

H(X) = spanc{|m,a) | a € H'(Z;Z3)} where |m,a) := E(a)|m,0).
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We can define another boundary condition by condensing M (a):
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One can check that these bases are related as
1

ms0) = e 2D e
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SymTFT

We can define another boundary condition by condensing M (a):
M(a)|m,0) = |m,0) forall a € H'(X;Zs)
Then we obtain another basis:
H(X) = spanc{|m,a) | a € H'(Z;Z3)} where |m,a) := E(a)|m,0).
One can check that these bases are related as

1 alb
Im, a) = mz 1)/ e, b)

Now we define |Tz) so that (e,a|T) = Zr,[a]. Then we obtain

1 a
Zonryle) = {msalTa) = frrs s D (-1 1)/ %2, [0
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SymTFT

We can define another boundary condition by condensing M (a):
M(a)|m,0) = |m,0) forall a € H'(X;Zs)
Then we obtain another basis:
H(X) = spanc{|m,a) | a € H'(Z;Z3)} where |m,a) := E(a)|m,0).
One can check that these bases are related as

1 alJb
Im, a) = mz 1)/ e, b)

Now we define |Tz) so that (e,a|T) = Zr,[a]. Then we obtain

1 a
Zonryle) = {msalTa) = frrs s D (-1 1)/ %2, [0

— We construct SymTFT for OF, SIB, Sf, Fer on non-orientable surfaces.
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Sectors of Hilbert space

We can study the duality from the perspectives of the Hilbert space!
Let us first study the case of orientable case. e.g. [Hsieh et al. 2002.12283]
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Sectors of Hilbert space

We can study the duality from the perspectives of the Hilbert space!

Let us first study the case of orientable case. e.g. [Hsieh et al. 2002.12283]
The Hilbert space on S' can be decomposed as

H = Hew H
Hall :H@’Hg with { even @D Hodd

HI = Hgven ¥ Hgdd
Here subscripts even/odd means the eigenvalues of g : Ha — Ha:

{@Z} ¥ € Heven D Hiven
gy =

—iﬁ w € Hodd D Hgdd
and superscripts mean untwisted /twisted by g.

Tg untwisted : H | twisted H?
even S U
odd T Vv

Table: Sectors of Tz on the circle S*.

Figure: Untwisted/twisted Hilb sp.
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Now we consider torus a partition function:

Zyy [T?%0] = Tryp (e7'1)
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Sectors of Hilbert space

Now we consider torus a partition function:
2.1 _ mTp/ —lH
Zry[T%0] = Tryf (e77)

With insertions of background gauge fields, we obtain

¥

Zry[T%0] = Ty (e7¥) = 4+ 4

Yy

Zry [1%2) = Trjf (ge ™M) =

~

ZTB[TQ;y] = Tr;’;’?;(e_lH) = 4| 4

Zry[T% 2 +y] = Try 5 (ge ) =
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Sectors of Hilbert space

Now we consider torus a partition function:
2.1 _ mTp/ —lH
Zry[T%0] = Tryf (e77)

With insertions of background gauge fields, we obtain

¥

Zr, [T%0] = Tele (e ) = & 4
B H

Yy

Zry [1%2) = Trjf (ge ™M) =

~

ZTB[TQ;y] = Tr;’;’?;(e_lH) = 4| 4

Zry[T% 2 +y] = Try 5 (ge ) =

Then, the even, untwisted sector of T S can be computed as

TrZB Higele L o
2 2\ 1, ).
7 7 B
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Sectors of Hilbert space

Now we consider torus a partition function:
2.1 _ mTp/ —lH
Zry[T%0] = Tryf (e77)

With insertions of background gauge fields, we obtain

¥

Zry[T%0] = Ty (e7¥) = 4+ 4

Yy

Zry [1%2) = Trjf (ge ™M) =

~

ZTB[TQ;y] = Tr;’;’?;(e_lH) = 4| 4

Zry[T% 2 +y] = Try 5 (ge ) =

Then, the even, untwisted sector of T S can be computed as

TrZB Higele L o
2 2\ 1, ).
7 7 B

— We can keep track of these sectors in the web of dualities!

22/32



Sectors of Hilbert space

For example, we can calculate the even, twisted sector of OB(TB) as

1
Trg[f(TB) ( ;96—1H>

(h A 4+ )
OB(Tg)
( ES ’ A~ — . )
+> > Tg
T 1—(1 o lH
H 2

which turns out to be the odd, untwisted sector of Ty T.

N = N -

H
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Sectors of Hilbert space

For example, we can calculate the even, twisted sector of OB(TB) as

1
Trg[f(TB) ( ;96—1H>

(4# A 4+ )
OB(Tp)
> >
(4% A — )

l—g
:TTB Y —IH
I',H (2 e

which turns out to be the odd, untwisted sector of Ty T.

Tp |untwisted | twisted OP(Tp) | untwisted | twisted
even S U even S T
odd T \% odd U \%
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Sectors of Hilbert space

For example, we can calculate the even, twisted sector of OB(TB) as

OB(T) (1 9, -

Tr

HI

2

)

2 )
= — A+ |~ +
2 OB (T5)
1 (: > > )
=—( 4 4 —
2 > > /1y
1
= Tr%B (296_”{)
which turns out to be the odd, untwisted sector of Ty T.
Tp |untwisted | twisted OP(Tp) | untwisted | twisted
even S u even S T
odd T V odd U \Y

— We can do the same for Fermionization.
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Now let us try to refine this viewpoint in terms of P.

24/32



Sectors of Hilbert space

Now let us try to refine this viewpoint in terms of P.

The Hilbert space on S' can be decomposed as

H= Heven,—i— @ Heven,— @ Hodd,+ @ Hodd,—
HI = Hien+ © Heven— D Higq 1 © Higq

even,+

Hai=HDH? with {

Here subscripts +/— mean the eigenvalues of P : Hay — Ha:

m]:{“’ e H,

— e H_
Ts untwisted | twisted
e R -
w [T T Y

Table: Sectors of Tz on the circle S*'.
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Sectors of Hilbert space

Suppose we have a torus partition function Zz,[T?;0] = TrZB (etH)

A partition function with an insertion of P : Ha — Hal

Z1y|K; 0] = Trp? (Pe~'H)

can be interpreted as a Klein bottle partition function.

P

+
N4

+
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Sectors of Hilbert space

Suppose we have a torus partition function Zz,[T?;0] = TrZB (etH)

A partition function with an insertion of P : Ha — Hal

—
Zry|K;0] = T P (Pe )y = 4+ 4
—

can be interpreted as a Klein bottle partition function.

In terms of g : Hay — Han where g € Zo, we obtain

A

A

7
Zrg [T2;0] :TrQB(ele) = 4~ 4 Zr,|K;0] :Trz;B(Pe*lH) - A A
Zry T2 2] = TriB (ge™'H) = Zry [K; 2] = TelP (gPe~H) =
>
Zrg[T%y] = Tr?ﬁ (e = & | 4 Zrg Kyl = Trfﬁ (Pem'Hy = & | &
Zry [T 2 +y) = Tryfi (g = Zrp Kz 4y = Ty 5 (gP e ) =
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Sectors of Hilbert space

Then, the even, +, untwisted sector of T Uy can be computed as

<
N

2 2 i\, T T

A
7

N+ A

T@B<1+g1+P6m>:1<4 ’ i

A
7

A 4+

A
7

<
<
> >/TB
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Sectors of Hilbert space

Then, the even, +, untwisted sector of T Uy can be computed as

TI‘%B <1+gHPelH>:1<4r~74r~—|—f . ‘\—I—AFTﬂ*—f— . )
2 2 4 Ty

A A A A\
7 7 7 7

— We can keep track of these sectors in the web of dualities!
For example, we can calculate the odd, +, twisted sector of OB(TB) as

Trgf(TB) <1 —gl+ PelH>
; 2 2

:1<4r~ A~ — + A~ | &~ = >
4 OB (T3)
= % (4# A~ — — A | A~ + )
Tp
1—-gl1-—P
T g _

which turns out to be the odd, —, twisted sector of T V_.
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Sectors of Hilbert space

In this way, we give refined correspondence between Tz and OF(T) in

terms of P eigenvalues:

Ts H HI OB (Tg) H HI

even S U even S T

odd T Y odd U Y,

\ \

Ts H HY OB (Tp) H H
P - +1 S+ U+ P - +1 S+ T+
even -1 S, Uf even - 1 S, T,
P - +1 T+ V+ P - +1 U+ V,
odd |\ p_ 4| 1. V_ odd | p_ 4| Ul A
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Sectors of Hilbert space

In this way, we give refined correspondence between Tz and OF(T) in
terms of P eigenvalues:

Ts H HI OB (Tg) H HI

even S U even S T

odd T Y odd U Y,

\ \

Ts H HY OB (Tp) H H
P - +1 S+ U+ P - +1 S+ T+
even P -1 S, Uf even - 1 Sf Tf
P - +1 T+ V+ P - +1 U+ V,
odd | p_ 1| T V_ odd I p_ 1| U V.

— How about fermionization?
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Sectors of Hilbert space

In fermionic theories, we have P% = (—1)F, i.e., P* = 1. Therefore, Ha
can be decomposed in terms of P = +1, 44, together with NS, R:

_ Hns = Hns,+1 D Hns,+i D Hns,—1 D Hns,—i,
Han = Hns®HR  with
Hr = Hr 41 D HR+i D HR -1 D HR -
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Sectors of Hilbert space

In fermionic theories, we have P% = (—1)F, i.e., P* = 1. Therefore, Ha
can be decomposed in terms of P = +1, 44, together with NS, R:

_ Hns = Hns,+1 D Hns,+i D Hns,—1 D Hns,—i,
Han = Hns®HR  with
Hr = Hr+1 D Hr+i D HR -1 D HR,—i-
For example, the R, +i sector of Fer(T5) can be computed as

T Fer(Tn) (1 —iP— P*+ iP3e_lH>

Hr 4
1 < , . )
= — PN A — 1 A A — +1
4 Fer(Tg)
=—| 4| 4 — A~ | A~ =
4 Ts
which turns out to be the even, —, twisted sector U_.
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Sectors of Hilbert space

With the same procedure, we obtain the following table:

Ty H HI OB (Tp) H HI SE(Tp) H HI

P=+1 | 5S¢ | Uy P=+1 | S5¢ | T+ P=+1 | 5S¢ | U_

even P=_1 G_ u_ even P=_1 S T even P=_1 g U+

P=+1 | T | Vi P=+1 [ Uy | V_ P=+1 | T4 | V_

odd | po | TL | vl odd | po 1| ul | vy M | P | TL | vy
T, | NS | R oF(rp) | Ns R sFrp) | Ns | R
P=+1 Sy T, P=11 St Ut P =41 Sy T+
P=-1 S_ T_ P=— S_ u_ P=— S_ T_
P =+4i Vi u_ P =+4i V_ T_ P =+4i V_ Uy
P=—i V_ Uy =i Vi Ty = Vi u_

Table: Summary of the dualities among sectors.

We refined the known dualities among S, T,U,V in terms of P!
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Group structure of topological maniuplations

Recall:
We have topological manipulations on bosonic theories as follows:

1 alJb
Zoranlel = g gy 2 (D7l
’ bEH (%;Z2)
Zgp rlal = (=1)] 2 Z1, [a]

Zsp rylal = (~1) 19 27, [a]
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Group structure of topological maniuplations

Recall:

We have topological manipulations on bosonic theories as follows:

1
Zovrrwlel = i gy, 2 (Dl

beH (3;Z2)
Zgp rlal = (=1)] 2 Z1, [a]
Zsnirplal = (=1) ™19 Zp,[a]

One can check that
(0P = (8P = (8§) =1, (0PsP)' = 5§

Thus, the independent relations are as follows:

(0P = (8P =1, (0PsP)* =1

— The dihedral group Dg, i.e., Dg = (s,t | s> =t =1, (st)® = 1)

30/32



Group structure of topological maniuplations

We have 16 elements in Dg given as
(OFSP)", SP(OPSP)" n=0,1,--- .7
— We can easily see the Dg structure on fermionic theories:
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Group structure of topological maniuplations

We have 16 elements in Dg given as
(OFsP, SP(OPSP) n=0,1,---,7
— We can easily see the Dg structure on fermionic theories:
(oFsfyr, sf(OFsf )" n=0,1,---,7

As a result, we obtain the following web:

/sl \)\ /a\'ﬂ\
/ /035'3\/\ / /OFSF\/\
E i — 7] i,/
\/\ / \/\ 2/

Figure: OF : gauging Zy, SP: stacking (—1)J 1, SB: stacking (—1)/ w1Ww1
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Summary

Results: Investigating non-orientable web of dualities in terms of
o SymTFT,
o Sectors of Hilbert space,
o Group structure of topological manipulations.

Fer: fermionization / \ / \
Ty <€ > T}
Fer™!: bosonization / / 0“5“ \ \ / / oF st St \ \
gauging x Arf
\ \ / / \ \ / /
Fer: fermionization SO -G—@.
Tp/7) €———3 T @ Arf \ /

Fer™!: bosonization

Figure: Orientable/non-orientable duality web

Future work:
o Extending to Z,, gauging and parafermionization.
o Studying the self duality of Ising/Majorana CFTs, etc...

Thank you!

32/32



